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Abstract

By using multiplep-adic ¢-integrals, we define thg-adic ¢-L-function in
n-variables and thg-extension op-adic log multiple gamma functions. From
these definitions, we show that the values ofptfalicg-L-function at positive
integers can be expressed in terms of ghextension ofp-adic log multiple
gamma functions.

PACS number: 02.10.De
Mathematics Subject Classification: 11S80

1. Introduction

Letp be afixed prime and lef, denote the-adic completion of the algebraic closure(®§.
Ford a fixed positive integer witlip, d) = 1, let

X:Xdzl%Z/deZ X1=17,

*k

X" = U a+dpZ,
O<a<dp
(a,p)=1

a+dpV7,={xeX|x=a  (moddp™))
wherea € Zliesin0< a < dpV.
Thep-adic absolute value i€, is normalized so thdp|, = % C(Zp, Cp) will denote
the set of all continuoug: Z, — C,. LetU1 c C, denote the open unit disc about 1 and
Uj = {u e (Cp||u" — 1], < 1} the union of the open unit discs aroudth root of unity.

Let U™ = Uy x U{"‘l. When one talks ofj-extension, is variously considered as an
indeterminate, a complex numbegre C or ap-adic numbely € C,. If ¢ € C, then we
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1
normally assuméy| < 1. If g € C,, then we normally assumeg — 1|, < p 7-T, so that
g* = expx logq) for |x|, < 1. Throughout this paper, we use the following notation:
: 1-4"
[x] =[x:q] =

1—q°

In this paper, we construct tlreadicq-L-function inn-variables and the multipje-adicg-log
gamma function by using the values of the multiptadic g-integral. Finally, we give the
formulae which express the values of fhadicg-L-function inn-variables at positive integers
in terms of the multiplgp-adicg-log gamma functions.

In [1, 2], the authors studied orthogonal and symmetric operators in non-Archi-medean
Hilbert spaces in connection wightadic quantization.

Orthogonal isometric isomorphism g@f-adic Hilbert spaces preserves precision of
measurements. In [1], the authors also studied the properties of orthogonal operators.

As the quantum field theory allows infinite degree of freedom, we need to propose an
infinite-dimensional non-Archimedean analysis if we wish to study quantum field theory with
non-Archimedean valued fields. Such analysis has already been presented by Khrennikov
in [3].

The quantization of a bosonic non-Archimedean valued field is carried outin the functional
integral formalism [3]. Khrennikov [4] tried to build gradic picture of reality based on the
field of p-adic number&, and the corresponding non-Archimedean analysis. He showed that
many problems of description of reality with the aid of real numbers are induced by unlimited
application of the non-Archimedean axiom. This axiom means that the physical observable
can be measured with an infinite exactness. Khrennikp@dic model of physical reality is
based on a finite exactness of measurement which violates the Archimedean axiom.

As with the abovep-adic model of physical reality, our results stimulate quantum
mechanics by using mathematical apparatus, namely, the propertiesje@ittadogue of zeta
function, the definition op-adic¢-L-functions and;-Mabhler’s theory ofp-adicg-integration
with respect to aring, of p-adic integers. lwasawa isomorphism andzgtedicg-log gamma
functions are used in sections 2 and 3, repectively.

2. p-adic g-integral on compact subgroups of C,.

For f € C(l)(Zp) = {the set of strictly differentiable functions &,}, let us start with the
expressions

1 ‘
D 2 4= 3 fGugli+r'Ty) (. [3,5.6)

P 0j<pV 0<j<pV

representing the-analogue of the Riemann sums foiT he integral of onZ,, will be defined

as the limit(N — oo) of these sums, when it exists.
Thep-adicg-integral of a functionf € CY(Z,) is defined by

1 .
f&) dug(x) = lim —- Fhe’.
/zp ! N=oo [pN] O<Z .
/<P
For f e CV(Z,), itis easy to see that

< pllflla
p

/ f(x) dg(x)
Z,

wherel| |11 = SUH| £ (0)1, SUp ., | D=L ).
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If £, — finC®, namely||f, — fl|l1 — O, then
/ Jn(x) dptg (x) — / f(x) dpg (x)
Zp Zp
(see [4]). Thez-analogue of the binomial coefficient is known as

[*]= [y = 4] [x —n +1] where p]! = ﬁ[i] (cf. [2]).

n [n]! P

[x;'l}:[nfl}wx[z]:qx_n [nlez]

Thus we see that
—1 n n+
/ HEZEE U g,
n

Note that

Z, [n+1]
For anya = (a1, az, ...,a,) € U, let u, denote thep-adic distribution onX™ which is
defined on the standard basis of the compact-open sets by

a

q
[dp™M][p2] - - [p"n]
where the notation+dp™ X™ = (a1 +dp™Z,) x (az+p™N2Z,) x - - - x (@m+p""Z,) C X™,
q“ denoteq [, ¢“/. Then we have the following:

1g(a+dpNX™) =

Theorem 1. For any uniformly differentiable function f. X" — C,, we have

/ S () dpg(x)
Xln

which is bounded and locally analytic in each q on U™.
Proof. Theorem 1 is proved by the definition pfadicg-integral [5, 6]. O

Corollary 1. Forany b1, bz, ..., by € Z>0,y = (y1, ..., ¥) € Z,, we see that

[ ot " dug )

by pr

. . ot . .

is the coefficient of 7}71}}72‘_’_ 57 in the Laurent expansion of the function
1baT---b, !

r oo . i

U i+l 1 N\ g

[T[e™ D =1/ <—> -
pard VAR 1-4q

il
=1 J:

The proof of Corollary 1 is not difficult [5].
Note that

1
bl . r by d = |
/er[y]'] L] ditg () N1,...,Ilr\‘2—>00 [ClPNl] T [Crer]

x Yy (gmma™) - (g I )

1<j<r 0<mj<cjpN

where eacly; € N = {the set of positive integeféor (i =1,2,...,r).
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3. On the multiple p-adic g-log gamma functions

The one-variablg-adicg-log gamma functions were defined and their application has already
been treated by Kim [5].

In this section, we construct the multipbeadic g-log gamma functions and theadic
g-L-functions inn-variables to give the formulae which express the values optadicg-L-
functions inn-variables at positive integers in terms of multiptadicg-log gamma functions.

For any positive integersandn, andx; € (C; (Vi), we define thep-adicg-L-functions in
n-variables as follows:

[x; +yp+---+y] 5
Lpg(s:r)=Lpg(s1,82,...,8 :1) :/Xr l_[ d — . dug ().
P 1<i<n S

In the case oft = r = 1, note thatl, ,(s : r) is the same-adicg-L-function, L, , (s, %9,
which is defined in [1]. Leky, k2, . . ., k, be positive integers.
Indeed, we see that

LygA—k:r)y=Lp,(1—k,1—ko,....0 =k, 1)
1 r i—r r
=" [T = (B = 178 i)
1<i<n !
Whereﬂ,g)(xi, q) areg-Bernoulli polynomials of order which are defined in [5, 6].

k . . . .
Letlogx = Zk>l(—1)k‘1% be thep-adic log function. This sum is convergent for
|x — 1], < 1. From now, we use the notation as follows:

L(y)=L(y1,y2,...,¥) = Z)’j-
j=1
The functionG , 4 (L : x) generalizing thg-extension op-adic log gamma function is defined
by

Gpg(L:x)=Gpg(L(Y):X1,X2,...,%) = /x 1_[ log[x; + L(y)]diug(y)
Zp" 1<i<n

where each; € (C; .

Remarks.

(1) We callG, 4 (L : x) the multiplep-adicg-log gamma function.
(2) Note that

. 1
Gpq(L:x) :Nl,.‘.l,llr\r’:*oo [cip™] - [cr p™]

*
< 33 g logly + Lm)]
1<j<r 0<mj<cjpV

wherem = (m1,...,m,) € Z[f’.
(3) For any integek, if we define ag-Bernoulli number with ordet as

00 k
/3_( )

k
o j i
X+l 1 N
el 1/ (— =) Do
vEs (i) 2

i
I n=0
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then, by Corollary 1, it is easy to see that

NI

n=aj+---+ay

whereg,, are the Carlitz7-Bernoulli numbers [5, 6].

Theorem 2. Let L, 4(s1, ..., 5, & 1) be p-adic q-L-functions in n-variables and G p 4(L: x)
be the g-extension of p-adic log multiple gamma function. Then we have
(1) A i) = (Gl i)

- . — J IR : = (— . X

ds1 sy a P

where Z(s1, ..., sn 1 q) = [1i=1(si — DLp (51,82, ..., 80 :F).

@ J] n%2 1 A Gpy(L:x)
1<i<n (ai — Dlg@=DL g[xq]a=t  f[x,Jen—1 "

=Lyg4(ar,az,...,a, . r),
where each a; is a positive integer bigger than 2.
The proof of the above theorem is not difficult (cf. [5, 6]) .
Remark. Fors € C, g € C with |¢| < 1, define

00 h(ar+-+ag) _
£ 5y = Z q"'" k +(q—1)1 s+h
g ~Jar o als 1—s
ay,...,ap=0
5 i gllart*ax)
o+l
ati,...,ap=0

whereh, k are positive integers.

Note thargq(h’k)(s) is an analytic continuationfot(s) > 1.Ifk =1, m e N={1,2,.. .},

. . (h,1) gD (h,1) :
then it was known in [6] thag,™ (1 — m) = —2—, wheref, '~ areg-Bernoulli numbers

with orderi which are defined in [6]. Finally, we would like to suggest the following question:

Question. Is there an analogue of Bernoulli numbers th"éﬁk)(l — m) can be viewed as

interpolating, in the same way thaj}"l)(l — m) interpolates the-Bernoulli number with
orderh?

References [7-9] are not cited above but are also important to the reader.
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